We study codimension one holomorphic foliations on complex projective spaces and compact manifolds under the assumption that the foliation has a projective transverse structure in the complement of some invariant codimension one analytic subset. The basic motivation is the characterization of pull-backs of Riccati foliations on projective spaces. Our techniques apply to give a description of the generic models of codimension one foliations on compact manifolds of dimension ≥ 3.
Introduction and summary
Let F be a codimension one holomorphic foliation on a connected complex manifold M m , of dimension m ≥ 2, having singular set sing(F) of codimension ≥ 2. The foliation F is transversely projective if there is an open cover {U j , j ∈ J} of M \ sing(F) for which in each U j the foliation is given by a holomorphic submersion f j : U j → C such that in each intersection U i ∩ U j = ∅ we have f i = a ij f j +b ij c ij f j +d ij for some locally constant functions a ij , b ij , c ij , d ij with a ij d ij − b ij c ij = 1. If we have f i = a ij f j + b ij for locally constant functions a ij = 0, b ij then F is transversely affine in M ( [10] ). The basic references for transversely affine and transversely projective foliations are found in [5] . In general a holomorphic foliation on a rational projective manifold cannot be transversely projective on the whole manifold, nevertheless there are many interesting examples where the foliation admits a projective transverse structure in the complement of an invariant algebraic subset of codimension one. Samples of this situation are given by logarithmic foliations and Bernoulli foliations (for the transversely affine case) and Riccati foliations (for the transversely projective case) on the complex projective plane CP (2) . Such foliations are considered in [10] , [11] and [3] where classification results are found. These results regard mainly the transversely affine case which is proved to be strongly linked to logarithmic and Bernoulli foliations if some hypothesis on the singular set of the foliation is made. Nevertheless, in [4] it is given an example of a foliation on CP (2) which is transversely projective in the complement of an algebraic invariant curve and which is neither logarithmic nor a Bernoulli or a Riccati pull-back. One of the main results in [4] states, in simple words, that if M is compact of dimension m ≥ 3 and F admits a meromorphic vector field X in M which is generically transverse to F then we have two possibilities: (1) F is the meromorphic pull-back of an algebraic foliation in a projective manifold. (2) F is transversely projective in M \Λ for some compact analytic invariant subset Λ ⊂ M of codimension one. The above result gives a strong property for foliations on compact manifolds of dimension m ≥ 3 and motivates the study of transversely projective foliations using transcendental techniques. This is one of the motivations for this work. One second motivation is to resume the classification of transversely projective foliations on projective spaces studied in [10] . Our approach is based in (trancendental) techniques of extension of the transverse structure through the singularities of the foliation lying in the subset Λ ⊂ M . This sort of idea was already present in [10] , [3] but we must now extend a different object; the transverse foliation associated to a projective transverse structure. The rough idea is to use the existence of separatrices transverse to Λ in order to begin the extension procedure. As a sample of our results we have: Theorem 1. Let F be a codimension one holomorphic foliation on C × C. Assume that F is transversely projective in the complement of an invariant algebraic curve Λ ⊂ C × C and that the singularities of F in C × C are hyperbolic. Then F is a logarithmic foliation or a rational pull-back of a Riccati foliation.
We point-out that (cf. Example 1): (i) A generic Riccati foliation on C × C has only hyperbolic singularities and satisfies the above hypotheses. (ii) We have a similar statement for foliations on CP (2) which are transversely projective in the complement of an algebraic invariant curve. Nevertheless, we have to take into account the fact that a Riccati foliation pull-back on CP (2) exhibits some nonhyperbolic singularities (see Example 1 for a detailed description of this case). (ii) F admits an extended affine transverse structure in M in the sense of [10] : F is given by a meromorphic one-form Ω on M for which there is a closed meromorphic one-form η with simple poles on M such that dΩ = η ∧ Ω.
(iii) F is a meromorphic pull-back of a Riccati foliation on C × C.
(iv) F is a logarithmic foliation, i.e., F is given by a closed meromorphic one-form with simple poles in M .
In case (ii) F is transversely affine in M \Λ where Λ ⊂ M is the compact codimension one analytic subset Λ = (η) ∞ . Since η is meromorphic in M with simple poles F admits an extended affine transverse structure in M according to the terminology in [10] . In particular, we know exactly how to describe the holonomy group of the leaves in Λ in terms of the residues of η in Λ (see [10] Lemma 3.1 § 3). We have a Liouvillian first integral F for F given by F = Ω e η and we believe that more can be said in this case (see the main result of [3] for instance). We can relax the hypotheses on the singularities of F in Theorem 2 by allowing singularities that have a local integrating factor of holomorphic type but which do not exhibit meromorphic first integrals.
Theorem 3. Let F be a holomorphic foliation on CP (2) and transversely projective outside an algebraic invariant curve Λ ⊂ CP (2) . Assume that F has noncentral separatrices transverse to Λ (in the sense of Definition 3). Then F is a rational pull-back of a Riccati foliation.
Projective transverse structures and projective triples
According to [10] a holomorphic foliation F of codimension one and having singular set sing(F) of codimension ≥ 2 in a complex manifold M m , m ≥ 2 is transversely projective if the underlying nonsingular foliation
Example 1 (Riccati Foliations). Fix affine coordinates (x, y) ∈ C 2 and consider a polynomial vector field X(x, y) = p(x)
The similarity of these four expressions shows that X defines a holomorphic foliation F X with isolated singularities on C × C and having a geometry as follows (see Figure 1 ): (i) F X is transverse to the fibers {a} × C except for invariant fibers which are given in C 2 by {p(x) = 0}.
(ii) If Λ = r j=1 {a j } × C is the set of invariant fibers then F X is transversely projective in (C × C)\Λ. Indeed, F X | (C×C)\Λ is conjugate to the suspension of a representation ϕ :
the singularities of F X on C × C are hyperbolic, Λ is the only algebraic invariant set and therefore for each singularity q ∈ sing(F X ) ⊂ Λ there is a local separatrix of F X transverse to Λ passing through q. Now we consider the canonical way of passing from C×C to CP (2) by a map σ : C×C → CP (2) obtained as a sequence of birrational maps as follows: first blow-up a point, for example the origin, of C 2 ⊂ C × C then blow-down two suitable projective lines of self-intersection equals −1 as indicated in Figure 1 . Following this process step by step we conclude that the foliation (ii') For a generic choice of the coefficients of X, the singularities of F in Λ are hyperbolic except for one single dicritical singularity q ∞ : (x = ∞, y = 0) ∈ CP (2) which after one blow-up gives a nonsingular foliation transverse to the projective line except for a single tangency point. The foliation F also has two other nonhyperbolic singularities, belonging to the line at infinity L ∞ = CP (2) \ C 2 , which is invariant, one linearizable with holomorphic first integral and the other dicritical of radial type, admitting a meromorphic first integral. Also, in general, Λ ∪ L ∞ is the only algebraic invariant set and sing(F) ⊂ Λ ∪ L ∞ . (iii') Finally, we stress that on CP (2) the foliation F is transversely projective in a neighborhood of L ∞ \ (L ∞ ∩ sing(F)). Now we give a formulation of the existence of a projective transverse structure for a given foliation in terms of differential forms. Suppose that sing(F) = ∅ and m = 2 and let F be given by a holomorphic one-form Ω with Ω = 0. Also assume there is a holomorphic one-form η such that dΩ = η ∧ Ω. Above we deal with the holomorphic nonsingular case nevertheless we also have: Lemma 1 ( [10] ). The triple (Ω, η, ξ) defining a projective transverse structure for F can be modified preserving this property as:
2 Ω) where g and h are holomorphic functions. This allows to consider the meromorphic and singular case for Ω. In particular we can modify
. We obtain therefore the following: Definition 1 ( [3] ). Let F be a foliation given by a meromorphic one-form Ω on M with isolated singularities and such that (Ω) ∞ has no invariant component. We say that Ω, η, ξ is a order one projective triple if η, ξ are meromorphic one-forms on M such that:
η) ∞ has order one and for any irreducible component C ⊂ (Ω) ∞ we have that η + k df f is holomorphic where {f = 0} in a reduced local equation of C and k = ord (Ω) ∞ , C is the order of (Ω) ∞ along C.
(ii) dη = Ω ∧ ξ and dξ = ξ ∧ η where ξ is holomorphic and has zero divisor (ξ) 0 = (Ω) ∞ and for each irreducible component C ⊂ (Ω) ∞ we have ord (ξ) 0 , C = ord (Ω) ∞ , C .
In general we also allow triples which come from a order one projective triple Ω, η, ξ by modifications of the form
2 · Such a triple will be called a meromorphic projective triple and still defines a projective transverse structure for F. Notice also that given a projective triple (Ω, η, ξ) the one-form ξ also defines a foliation with a projective transverse structure given by the projective triple (ξ, −η, Ω); we will usually denote this transverse foliation by F ⊥ . For the case of a Riccati foliation (see Example 1 above) we can for instance take Ω = p(
We shall also use the following lemma. Let (Ω, η, ξ) be meromorphic one-forms which satisfy the projective relations, i.e., such that dΩ = η ∧ Ω, dη = Ω ∧ ξ and dξ = ξ ∧ η.
Lemma 2 ([10])
. Given a meromorphic one-form ξ ′ the triple (Ω, η, ξ ′ ) also satisfies the projective relations, i.e., we have dη = Ω ∧ ξ ′ and dξ ′ = ξ ′ ∧ η if, and only if
We resume the study of the Lie Algebra associated to a Riccati foliation as in Example 1. Let Ω := p(x)dy − y 2 a(x) + b(x)y + c(x) dx be the natural polynomial one-form defining F in C 2 with affine coordinates (x, y).
dx then η is rational with polar set such that
Then we have dη = Ω ∧ ξ and dξ = ξ ∧ η. Also ξ defines the rational fibration x : CP (2) → C obtained by extending the coordinate projection x : C 2 → C which exhibits Λ as union of fibers. The forms Ω, η, ξ define a projective triple. The triple (Ω, η, ξ) is holomorphic in C 2 \Λ nevertheless the projective transverse structure of the foliation F ⊥ defined by ξ extends from C 2 \Λ to all CP (2). Indeed, F ⊥ coincides with the singular fibration x : CP (2) → C above. As we will see, this is a general fact under suitable hypothesis on the singular set of a foliation F on CP (2) admitting a projective transverse structure in the complement of an algebraic one dimensional invariant subset Λ ⊂ CP (2). 
Extension of projective transverse structures
In this section we consider the following situation: F is a holomorphic foliation of codimension one, with singular set sing(F) of codimension two on a complex surface M 2 . We have a compact analytic curve Λ ⊂ M 2 which is invariant by F and irreducible as an analytic subset of M . Denote by sep(F, Λ) the set of separatrices of F through the singularities q ∈ sing(F) ∩ Λ and not contained in Λ. We may assume that sep(F, Λ) is a codimension one (closed) analytic subset of M by replacing M by a neighborhood of Λ in M . Assume that sing(F) ⊂ Λ and that the singularities of F in M are irreducible in the following sense (cf. § 4). Given q ∈ sing(F) we have a local chart (x, y) ∈ U in a neighborhood U of q in M such that: Λ ∩ U : {y = 0}, either sep(F, Λ) ∩ U = ∅ or sep(F, Λ) ∩ U : {x = 0}, x(q) = y(q) = 0 and F| U is given by one of the forms below:
(Irred.i) xdy −λydx+xy ·ω 2 (x, y) = 0 for some holomorphic one-form ω 2 (x, y) with ω 2 (0, 0) = 0 and λ ∈ C\Q + .
(Irred.ii.a) x k+1 dy − [y(1 + λx k ) + A(x, y)]dx = 0 for some holomorphic function A(x, y) of order ≥ k + 1, λ ∈ C and k ∈ N. We call {x = 0} the strong-manifold of the singularity and shall say that the singularity has a strong manifold transverse to Λ.
(Irred.ii.b) y k+1 dx − [x(1 + λy k ) + A(x, y)]dy = 0, where A(x, y) is a holomorphic function of order ≥ k + 1, λ ∈ C and k ∈ N. We say that {y = 0} is the strong manifold and that the singularity has a central manifold transverse to Λ. We also assume that F is given by a meromorphic one-form Ω in M with isolated zeros and with polar set (Ω) ∞ in general position what means that (Ω) ∞ is smooth, irreducible, noninvariant by F and meets Λ transversely and only at points which are not singular points for F. In particular we may assume that (Ω) ∞ ∩ sep(F, Λ) = ∅. Finally, we suppose that Ω has a logarithmic derivative adapted to (Ω, Λ) what means the following: there exists a one-form η in M which satisfies dΩ = η ∧ Ω outside (Ω) ∞ , (η) ∞ = (Ω) ∞ , (η) ∞ has order one and if {f = 0} is a local reduced equation of (Ω) ∞ then the one-form η + k df f is holomorphic, where k is the order of (Ω) ∞ . Write sep(F, Λ) = r j=1 S j in (disjoint) irreducible components. [10] there exists a one-
Lemma 3 (Extension Lemma). Assume that there is an irreducible component
S j 0 of sep(F, Λ) such that F is transversely projective in M \(Λ ∪ j =j 0 S j ). Also assume that the singularity q j 0 = S j 0 ∩ Λ is of type (Irred.i) or (Irred.ii.a) (i.e., not of type (Irred.ii.b)). Then F admits a projective triple (Ω, η, ξ) in M \ j =j 0 S j . Proof: Since F is transversely projective in M \(Λ ∪ j =j 0 S j ) according toform ξ in M \(Λ ∪ j =j 0 S j ) such that dη = Ω ∧ ξ and dξ = ξ ∧ η with (Ω, η, ξ) a projective triple on M \(Λ ∪ j =j 0 S j ).
Claim 1. The one-form ξ extends meromorphically to a neighborhood of
We consider a local chart (x, y) ∈ U for q j 0 as above. The restriction F| U is transversely projective in U \{y = 0}. In particular, the holonomy map of the separatrix S j 0 for a simple loop γ j 0 ⊂ S j 0 \{q j 0 } around q j 0 , is of the form h j 0 (u) = au 1+bu for some a, b ∈ C, a = 0 and some suitable holomorphic coordinate u ∈ (C, 0).
is not a root of the unity and therefore the homography u → au 1+bu can be linearized by another homography. In particular h j 0 is analytically linearizable and therefore the singularity q j 0 ∈ sing(F) is analytically linearizable. Suppose now that q 0 ∈ sing(F) is not analytically linearizable. Then we must have λ = − k ℓ for some ℓ, k ∈ N, ℓ, k = 1 and the holonomy h j 0 is analytically conjugate to the corresponding holonomy of the germ of singularity Ω k,ℓ = ky dx + ℓx(1 + √ −1 2π x k y ℓ )dy; such a singularity is called a nonlinearizable resonant saddle. Therefore, by [9] and [7] we may assume that F| U is of the form Ω k,ℓ = 0 in the variables (x, y) ∈ U .
2 nd : F| U is of type (Irred.ii.a). The singularity is a saddle-node with strong separatrix contained in S j 0 : {x = 0} and with holonomy of the form h j 0 (u) = au 1+bu thus a = 1, k = 1 and h j 0 is conjugate to the holonomy of the strong separatrix of the germ of saddle-node singularity Ω 2 = x 2 dy − y dx. This implies (cf. [8] ) that F| U can be given by Ω 2 = 0 for suitable coordinates (x, y) ∈ U . Summarizing we can assume that F| U is of one of the following forms:
(a) x dy − λy dx = 0, λ = 0
with Λ : {y = 0} and S j 0 : {x = 0}.
Case (a). In case (a) we write Ω(x, y) = g(x dy − λy dx) = gx 1+λ d(yx −
∈ Q + thus j + 2 ≥ 1 and therefore j ≥ −1. We write therefore
G n z n and always G is holomorphic along {x = 0}. If G n z n . We conclude therefore that G(x, y) =
where the holomorphic function ϕ(z) ∈ C{{z}} satisfies ϕ(0) = 0. Thus we have either G(x, y) holomorphic in U or G(x, y) has order one poles in {y = 0} and is holomorphic in U \{y = 0}. Since G = F g 2 in U * = U \{y = 0} this implies that F = G g 2 extends meromorphically to U . This extension is either holomorphic or has poles of order one in {y = 0} and is holomorphic in U * . Assume now that λ / ∈ Q − then G ij = 0, ∀(i, j) = (0, 0) and G is constant in U * . This implies that F extends to ∧ Ω in U * . Then from Ω = gx k+1 y ℓ+1 ω k,ℓ and from dω k,ℓ = 0 we obtain
and ω k,ℓ (i.e., Ω k,ℓ ) admits no meromorphic first integral in U * . Indeed, according to [7] Ω k,ℓ admits exactly two separatrices and is therefore nondicritical. If Ω k,ℓ admits a meromorphic first integral the, since it is nondicritical, it admits a holomorphic first integral. Since Ω k,ℓ is already irreducible it follows from [9] that Ω k,ℓ = 0 is analytically linearizable, contradiction. Therefore, similarly to in the above argumentation we conclude that G is constant in U * and therefore F extends holomorphically to U as F = cte. and it is well-known that a saddle-node singularity ω = 0 (i.e., Ω) does not admit a nonconstant meromorphic first integral in U * (see [8] ). Again F extends holomorphically to U as F = cte. g 2 · This shows Claim 1 and indeed more. It is clear that (Ω, η, ξ) is a projective triple. We have proved that the projective triple (Ω, η, ξ) (as well as the projective transverse structure of F) extends to a neighborhood of q j 0 in M . By Hartogs' Extension Theorem (see [6] ) the one-form ξ extends to a neighborhood of Λ\ sing(F) in M and so does the projective transverse structure of F. Therefore we have a projective triple (Ω, η, ξ) in M \ j =j 0 S j .
Resolution of singularities and projective transverse structures
Now we consider a more general situation than the one in § 2. Let F be a holomorphic foliation with isolated singularities on a complex surface M 2 , Λ ⊂ M an invariant compact analytic subset of dimension one and such that sing(F) ⊂ Λ. We perform the Resolution of Singularities for F in M which gives (cf. [12] , [2] , [9] ): a complex surface M 2 and a proper holomorphic map π : M → M which is a finite composition of quadratic blow-ups such that P = π −1 (Λ) is a normal crossing divisor without triple points P = Λ ∪ E where Λ = π −1 (Λ\ sing(F)),
is a union of projective lines E = Λ j in compact (invariant by F ) irreducible components in M , with Λ j = π −1 (Λ j \ sing(F)). We can also assume that ifq ∈ sing( F ) ⊂ P is a singularity of F then the local separatrices of F throughq are contained in P . This is not necessarily true for the inverse image of the separatrices of points in sing(F). Now we suppose that Ω is a meromorphic one-form defining F in M having polar set in general position with Λ. Also let η be a logarithmic derivative of Ω adapted to Λ. Then the forms Ω = π * (Ω) andη = π * (η) have similar properties with respect to Λ and P (see [3] ). Write sep(F, Λ) for the set of separatrices of F not contained in Λ, this set may have infinitely many components. We have sep(F, Λ) ∩ Λ ⊂ sing(F). Assume that F is transversely projective in M \[Λ ∪ (sep(F, Λ)\ j∈A S j )] where A = {1, . . . , t} is a finite set of indices and each S j ⊂ sep(F, Λ) is a local separatrix. Then F is transversely projective in M \π −1 (Λ ∪ (sep(F, Λ) \ j∈A S j ))). However, we can say more. Given an invariant subset Γ ⊂ P we denote by sep( F , Γ) the set of separatrices of F (through singular points in Γ and) not contained in Γ. Let j ∈ A and {q j } = S j ∩ Λ ⊂ sing(F). We shall say that q j is a nondicritical singularity to indicate that π −1 (q j ) is invariant by F and it is a union of projective lines. Put E(q j ) = π −1 (q j ) and S j := π −1 (S j \{q j }) ⊂ M . We have S j ⊂ P because q j is nondicritical. By the choice of A and S j , F is transversely projective in M \(P \ j∈A S j ). Let Γ j ⊂ E(q j ) be an irreducible component of E(q j ) with E(q j ) ∩ S j = Γ j ∩ S j = {q j } ⊂ sing( F ) and assume that S j is not a central manifold: this means that eitherq j is of type (Irred.i) or it is of type (II.i.a), i.e. a saddle-node singularity whose strong manifold is contained in S j . We denote by Inv( F) ⊂ P the invariant part of P and given any pointp ∈ Inv( F ) by Inv(p) the connected component of Inv( F ) that contains the pointp . Thus, the singularity q j is nondicritical if and only if Inv(q j ) = E(q j ). Notice that S j ⊂ sep( F , Γ j ) and that there is an open neighborhood W j of Γ j in M such that F is transversely projective in
. Therefore, applying Lemma 3 above we conclude that F admits a projective triple ( Ω, η, ξ) in M \P and ξ extends giving a projective triple in the neighborhood W j of Γ j in M . Let us take any other component Γ ′ j of E(q j ) adjacent to Γ j , i.e., Γ ′ j ∩ Γ j = ∅. If Γ ′ j is not F-invariant then clearly the projective transverse structure as well as the projective triple ( Ω, η, ξ) extend to a neighborhood of Γ ′ j \(Inv(F) ∩ Γ ′ j ). Hence we suppose that Γ ′ j is also F -invariant. In particular we have a corner singularity {q j } = Γ j ∩ Γ ′ j ,q j ∈ sing( F ). Ifq j is such that Γ ′ j is not a central manifold forq j then Lemma 3 applies to show that the projective triple ( Ω, η, ξ) extends with a projective transverse structure for F in a neighborhood ofq j . Put S = j∈A S j ⊂ sep(F, Λ). Summarizing the above discussion we have (see Figure 3) : Definition 2. Given a singularity q ∈ sing(F) with q ∈ S and any singularityq ∈ E(q) denote by Γ S (q) the maximal subset of Inv(q) ⊂ Inv( F ) such that:
(i) There exists some separatrix S j , j ∈ A with S j ∩ Γ S (q) = ∅ and which is not a central manifold.
(ii) Ifq 0 ∈ Inv(q) ∩ sing( F) is a saddle-node singularity then Γ S (q) is not a central manifold for q 0 .
Lemma 4. The one-form ξ extends to a neighborhood of each Γ S (q) with a projective transverse structure in this neighborhood.
Suppose that:
Then F admits a projective triple (Ω, η, ξ) with ξ transversely projective in a neighborhood of Λ in M .
Proof: By the above Lemma 4 there is a projective triple ( Ω, η, ξ) in M where ξ is transversely projective in M . Using the map π : M → M to project ξ we obtain a one-form ξ in M with the desired properties.
Definition 3. Let F be a holomorphic foliation with isolated singularities or a complex surface M 2 and Λ ⊂ M 2 a compact analytic invariant subset of dimension one. We shall say that F has noncentral separatrices transverse to Λ if there is a subset S = j∈A S j ⊂ sep(F, Λ) as above such
Transversely projective foliations on the complex projective plane
In this section we study (transversely projective) foliations on the complex projective plane CP (2) and prove Theorems 1 and 3. Let F be a holomorphic foliation of codimension one on CP (2) having singular set sing(F) CP (2). As it is well-known we can assume that sing(F) is of codimension ≥ 2 and F is given in any affine space C 2 ⊂ CP (2) with coordinates (x, y), by a polynomial oneform Ω(x, y) = A(x, y)dx + B(x, y)dy with sing(F) ∩ C 2 = sing(Ω). In particular sing(F) ⊂ CP (2) is a nonempty finite set of points. Given any algebraic subset Λ ⊂ CP (2) of dimension one we can therefore always obtain a meromorphic (rational) one-form Ω on CP (2) such that Ω defines F, (Ω) ∞ is noninvariant and in general position in the sense of § 2 (indeed, we can assume that (Ω) ∞ is any projective line in CP (2)). Also if we take η 0 = Bx B dx + Ay A dy then we obtain a rational one-form such that dΩ = η 0 ∧ Ω and with polar set given by (η 0 ) ∞ = {(x, y) ∈ C 2 : A(x, y) = 0} ∪ {(x, y) ∈ C 2 : B(x, y) = 0} ∪ (Ω) ∞ . In particular, (η 0 ) ∞ ∩ C 2 has order one and the "residue" of η along any component C of (Ω) ∞ equals −k where k is the order of C as a pole of Ω. Any rational one-form η such that dΩ = η ∧ Ω writes η = η 0 + hΩ for some rational function h. We obtain in this way rational logarithmic derivatives η of Ω adapted to (Ω, Λ). Applying the results of § 2 we promptly obtain. Proposition 3. Let F be a holomorphic foliation on CP (2). Assume that F is transversely projective in CP (2)\Λ for some algebraic subset Λ of dimension one. Then F has a projective triple (Ω, η, ξ) where Ω and η are rational one-forms and ξ is meromorphic on CP (2)\Λ. In particular ξ defines a transverse foliation F ⊥ to F on CP (2)\Λ having a projective transverse structure.
Proof of Theorem 3. According to Proposition 3 we have a projective triple (Ω, η, ξ) where Ω, η are rational one-forms and ξ is meromorphic in CP (2)\Λ. By hypothesis F has noncentral separatrices transverse to Λ therefore according to Proposition 2 the one-form ξ extends to a meromorphic one-form on CP (2) and the corresponding transverse foliation F ⊥ defined by ξ is also transversely projective in a neighborhood of Λ on CP (2). Thus F ⊥ is transversely projective on CP (2). This implies that F ⊥ admits a rational first integral R : CP (2) C ( [10] ). If we write ξ = g dR for some rational function g then we may replace the rational triple (Ω, η, ξ) by
The rational triple (ω, η ′ , ξ ′ ) satisfies the projective relations dω = η ′ ∧ ω, dη ′ = ω ∧ ξ ′ , dξ ′ = ξ ′ ∧ η ′ and therefore by a natural adaptation of Lemma 2 we conclude that Ω ′ = ω + F.ξ ′ for some rational function ℓ such that dξ ′ = ξ ′ ∧ dF 2F · This implies dF ∧ dR ≡ 0. By Stein Fatorization Theorem we may assume from the beginning that R has connected fibers and therefore dF ∧dR ≡ 0 implies ℓ = ϕ(R) for some one-variable rational function ϕ(z) ∈ C(z). We obtain therefore
)dx) and therefore F is the pull-back F = σ * (R) of the Riccati foliation R given on C × C by the rational one-form dy − (
Proof of Theorem 1. First of all we make a remark. We can assume that Λ is minimal with respect to the projective structure of the transverse foliation F ⊥ given in Proposition 3, in the sense that there is no proper algebraic invariant curve Λ * Λ such that F ⊥ is defined and transversely projective in the complement of Λ * . If Λ = ∅ then F ⊥ is transversely projective in C × C and therefore it admits a rational first integral. This implies, as in the proof of Theorem 3, that F is a rational pull-back of a Riccati foliation. Thus we assume that Λ is minimal and nonempty. Given a singularity q ∈ sing(F) such that q / ∈ Λ then F is transversely projective in a punctured neighborhood of q and therefore F admits a meromorphic first integral in a neighborhood of q ( [10] ). Hence such a singularity cannot be hyperbolic. Since by hypothesis all singularities of F are hyperbolic we conclude that sing(F) ⊂ Λ. Given a hyperbolic singularity q ∈ sing(F) ∩ Λ there are local coordinates (x, y) ∈ U centered at q such that F U is given by xdy − λydx = 0, λ ∈ C \ R. In particular F has exactly two separatrices {x = 0} and {y = 0} through q. We may assume that {y = 0} ⊂ Λ. Suppose that {x = 0} ⊂ Λ then {x = 0} is a noncentral separatrix transverse to Λ as in Theorem 3. According to Lemma 3 and also to § 4 the transverse foliation F ⊥ and its projective transverse structure extend to a neighborhood of (Λ 1 \ (Λ 1 ∩ sing(F))) ∪ {q} where Λ 1 is the irreducible component of Λ that contains the local separatrix {y = 0}. Thus we conclude that F ⊥ is defined and transversely projective in the complement of the algebraic curve Λ * obtained by deleting Λ 1 in Λ. Since we are assuming that Λ is minimal we obtain a contradiction. Therefore, we conclude that {x.y = 0} ⊂ Λ, i.e., Λ contains all the separatrices through the singularities q ∈ sing(F). Thus, Λ is an invariant algebraic curve which has normal crossings and passes through all the singularities of F and contains all the separatrices of the singularities of F. According to [1] this implies that F is a logarithmic foliation. 6 The case of dimension m ≥ 3 m ≥ 3 m ≥ 3
In this section F denotes a holomorphic foliation of codimension one on CP (m), m ≥ 3, having singular set sing(F) of codimension ≥ 2. We assume that F is transversely projective in CP (m)\Λ for some codimension one invariant algebraic subset Λ ⊂ CP (m). A very basic remark is (cf.
[10]): let σ : CP (2) → CP (m) be a linear embedding and assume that σ is in general position with respect to F and Λ, i.e., σ is transverse to Λ ∪ sing(F) and the foliation F * = σ * (F) has isolated singularities on CP (2). Any linear embedding CP (2) → CP (m) can be arbitrarily approximated by one in general position as above. also Ω must satisfy the integrability condition Ω ∧ dΩ = 0. Hence 0 = Ω ∧ dΩ = (
Now define in a natural way η :
Proof of Proposition 4:
We identify CP (2) with σ(CP (2)). Assume first that m = 3. Put Ω * = σ * (Ω), η * = σ * (η) and let ξ * be a rational one-form on CP (2) such that (Ω * , η * , ξ * ) is projective and ξ * has a rational first integral on CP (2): the existence of ξ * as above is a consequence of the fact that F * is a rational pull-back of a Riccati foliation. Locally, outside the singular set of F * , we can write
gα + dh α , for some holomorphic functions f α , g α , h α in open subsets U α which cover CP (2)\ sing(F). By transversality we can extend locally f α , g α and h α as constant along the leaves of F by using local flow boxes for F. This process gives local extensions ξ α of ξ * as well as local extensions η α and Ω α of η * and Ω * to open subsets V α on CP (m) such that V α ∩CP (2) = U α . Nevertheless we have global one-forms Ω and η with Ω| Vα = Ω α and η| Vα = η α . Therefore, associated to an intersection
∧ Ω and F αβ | Uα∩U β ≡ 0. Since F αβ is obtained from F * αβ = F αβ | Uα∩U β by trivial extension via flow box for F we conclude that F αβ ≡ 0 and therefore ξ α = ξ β in V α ∩ V β . This shows that we have a coherent extension of ξ * to a neighborhood of CP (2)\ sing(F) and by Hartogs' Extension Theorem we conclude that ξ * admits an extension to a neighborhood of CP (2) on CP (3) and there since CP (3)\CP (2) is a Stein space we extend ξ * to CP (3), denote by ξ this rational one-form on CP (3). By the Identity Principle ξ also defines a projective triple (Ω, η, ξ). Since the restriction ξ * = ξ| CP (2) admits a rational first integral the one-form ξ admits a rational first integral on CP (3). Using [10] (cf. Theorem 4.1 § 4) or the same arguments in the end of the proof of Theorem 1 we conclude that F is a rational pull-back of a Riccati foliation. This proves the case m = 3. Proceeding in this way by induction we prove the general case m ≥ 3. Now it is easy to deduce the following codimension one version of Theorem 3: 
Foliations on compact manifolds
In this section we apply some results of [4] together with our study in order to give a description of the "generic case" for a foliation on a compact manifold of dimension ≥ 3. Let F be a codimension one holomorphic foliation with singular set sing(F) of codimension ≥ 2 on a compact complex manifold M m of dimension m ≥ 3. We have the following Algebraic Reduction Theorem: The notion of pseudo-parallelizable is verified if there is a meromorphic vector field X on M which is generically transverse to F. The foliation F is a meromorphic pull-back of a foliation on a lower dimensional manifold in case the algebraic dimension of M is not equal to dim(M ). In this case the pull-back is the composition of the algebraic reduction of M with a sequence of blow-ups at smooth centers. Motivated by this theorem we shall say that a codimension one holomorphic foliation F on a compact manifold M m having singular set sing(F) of codimension ≥ 2, is pseudo-algebraic if there is a meromorphic map τ : M → N from M into an algebraic projective manifold N and an algebraic foliation F 1 of codimension one on N such that F = τ * (F 1 ). Notice that we do not require the dimension of N to be smaller than the dimension of M . Nevertheless, if dim N ≥ dim M then necessarily M is algebraic so the notion is not interesting in this case. Now we can prove Theorem 2.
Proof of Theorem 2: Assume that F is not pseudo-algebraic. Then by Theorem 5 there is a meromorphic triple of one-forms Ω, η, ξ on M such that Ω defines F and we have the projective relations dΩ = η ∧ Ω, dη = Ω ∧ ξ, dξ = ξ ∧ η on M . It follows that F is transversely projective in M \Λ for some compact analytic subset Λ ⊂ M of codimension one (see § 2). We have Λ ⊂ (Ω) ∞ ∪ (η) ∞ ∪ (ξ) ∞ . If η can be chosen to be closed then we are in case (ii). We may assume therefore that η is not closed, ξ not identically zero and Λ is minimal with the property that F is transversely projective in M \Λ. If Λ = ∅ then F is transversely projective in M and since M is simply-connected F admits a meromorphic first integral on M . We can suppose Λ = ∅. Suppose now that for some irreducible component Λ 1 of Λ we have sep(F, Λ 1 ) = ∅; then there is some separatrix S 1 ∈ sep(F, Λ 1 ) transverse to Λ 1 with S 1 ∩ Λ 1 ⊂ sing 2 (F) the codimension two component of sing(F). The same argumentation in the Extension Lemma 3 in § 2 shows that the projective transverse structure of ξ extends to a neighborhood of Λ 1 (notice that there are no singularities like saddle-nodes or resonant saddles in Λ 1 ). Thus ξ is transversely projective in M and since M is simply-connected we obtain a meromorphic first integral for ξ on M . Using [10] or the proof of Theorem 1 (adapted to this case) we conclude that F is a meromorphic pull-back of a Riccati foliation. The only remaining case is as follows. There is a codimension one compact analytic subset Λ ⊂ M invariant by F such that F is transversely projective on M \Λ and for any irreducible component Λ 1 of Λ we have sep(F, Λ 1 ) = ∅, i.e., Λ 1 contains all separatrices through the points in sing(F) ∩ Λ 1 . Notice that a singularity in sing 2 (F) is by hypothesis hyperbolic.
